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We compute numerically the absorption cross section of planar massless scalar waves impinging upon a
Kerr-Newman black hole with different incidence angles. We investigate the influence of the black hole elec-
tric charge and angular momentum in the absorption spectrum, comparing our numerical computations with
analytical results for the limits of high and low frequency.
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I. INTRODUCTION
The existence of black holes (BHs) has been intensively
debated along many decades. Although a lot of indirect ev-
idences that BHs are present in nature have been collected,
e.g., Cygnus X-1 [1], BHs still demanded a stronger evidence
of their existence. The recent report of the detection of grav-
itational waves [2, 3] is remarkable, not only for the confir-
mation of one of the most important predictions of GR, but
also because the gravitational waves detected by LIGO Scien-
tific Collaboration are claimed to have been produced by the
merger of a binary BH system, providing additional evidence
that BHs indeed exist in nature.
One way to investigate the nature of BHs is observing how
they absorb/scatter particles and waves in their vicinity. In this
context, many works have been done in order to determine
the absorption and scattering cross sections of BHs, consid-
ering different BH solutions, particles and waves of different
kind. Using numerical techniques, Sanchez investigated the
absorption and scattering of planar massless scalar waves by
a Schwarzschild BH [4, 5], taking a first step in this line of in-
vestigation. The absorption and scattering cross sections have
also been studied for the case of Reissner-Nordstrom BHs [6–
15], Kerr BHs [16–18] and regular BHs [19, 20]. Recently,
the absorption of massless scalar waves by a Schwarzschild
BH surrounded by a thin shell of matter has also been ana-
lyzed [21]. However, the absorption and scattering of scalar
waves by Kerr-Newman BHs has not been investigated yet.
Massless scalar waves can be seen as a simpler proxy for
higher-spin waves, such as the electromagnetic and gravita-
tional waves. In addition to that, recently it was proposed
that ultra-light bosons with null spin can be good candidates
to dark matter [22, 23]. Such fields, which are called fuzzy
dark matter, would interact with black holes, for instance at
the core of galaxies; so that it is of interest to study how these
fields are scattered and absorbed by the black hole.
We can wonder if it is reasonable to assume a black hole to
have a non zero electric charge. The electromagnetic force can
lead to the discharge of a black hole, favoring (disfavoring)
charges of opposite (the same) sign of the black hole charge
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to be absorbed. Another phenomenon to take into considera-
tion is the emission of particles by black holes [24]. Charged
black holes tend to emit more particles with the same charge
sign of the black hole than with the opposite sign, also lead-
ing to a neutralization of the black hole [25]. However, in the
context of minicharged dark matter [26] it is possible to have
black holes with a considerable amount of charge and even
extremally charged black holes [27].
While investigating the scattering of fields by chargeless
rotating BHs, one finds that for small enough frequencies the
scattered wave can be amplified, decreasing the energy and
angular momentum of the black hole. Such phenomenon is
known as superradiance and it was first investigated by Mis-
ner [28]. Moreover, Hawking radiation brought an extra mo-
tivation to the study of the absorption cross section of BHs,
since the emission rate of a BH is proportional to its absorp-
tion cross section.
In this work we consider the case of a massless scalar plane
wave impinging upon a rotating and charged BH, comput-
ing the absorption cross section numerically. In the low-
frequency limit we consider the general result obtained by
Higuchi [29] and for the high-frequency limit we consider the
eikonal approach, using the geodesic equation to obtain the
high-frequency absorption cross section. This paper is orga-
nized as follows: In Sec. II, we present the Kerr-Newman met-
ric written in Boyer-Lindquist coordinates and make a brief
review of the treatment given to the massless scalar field in
the Kerr-Newman background. In Sec. III, we present expres-
sions for the absorption cross section, which are obtained via
partial-wave approach. In Sec. IV, we exhibit our numerical
results for different choices of the plane wave incidence angle,
the rotation parameter and the electric charge of the BH. We
finish this paper presenting some remarks in Sec. V. We adopt
natural units (c = G = } = 1).
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2II. SCALAR FIELD IN THE KERR-NEWMAN
SPACETIME
In standard Boyer-Lindquist coordinates {t, r, θ, φ}, the
Kerr-Newman BH is described by the following line element
ds2=
(
1− 2Mr −Q
2
ρ2
)
dt2 − ρ
2
∆
dr2 − ρ2dθ2
+
4Mar sin2 θ − 2aQ2 sin2 θ
ρ2
dtdφ− ξ sin
2 θ
ρ2
dφ2, (1)
where we have defined ρ2 ≡ r2 +a2 cos2 θ, ∆ ≡ r2−2Mr+
a2 + Q2, and ξ ≡ (r2 + a2)2 − ∆a2 sin2 θ. The set of pa-
rameters (M, Q, a) are interpreted, respectively, as the mass,
the electric charge, and angular momentum per unit mass of
the BH. The Kerr-Newman metric represents a BH spacetime
such that: a2 + Q2 ≤ M2. Here we shall restrict our at-
tention to the case a2 + Q2 < M2, which presents two dis-
tinct horizons, namely, an internal (Cauchy) horizon located
at r− = M −
√
M2 − a2 −Q2 and an external (event) hori-
zon at r+ = M +
√
M2 − a2 −Q2.
A massless scalar field Ψ(xµ) is governed by the Klein-
Gordon equation, which can be written in its covariant form
as
1√−g ∂µ
(√−ggµν∂νΨ) = 0, (2)
where gµν are the covariant components of the Kerr-Newman
metric, which can be obtained directly from Eq. (1). gµν are
the contravariant components of the metric and g is the metric
determinant.
We can decompose the scalar field in wavelike solutions of
Eq. (2), as follows:
Ψ =
+∞∑
l=0
+l∑
m=−l
Uωlm(r)√
r2 + a2
Sωlm(θ)e
imφ−iωt. (3)
The functions Sωlm, appearing in Eq. (3), are the standard
oblate spheroidal harmonics [30], which satisfy the following
equation (
d2
dθ2 + cot θ
d
dθ
)
Sωlm
+
(
λlm + a
2ω2 cos2 θ − m2
sin2 θ
)
Sωlm = 0, (4)
where λlm are the eigenvalues of the spheroidal harmonics.
These angular functions are normalized as follows:∫
dθ sin θ |Sωlm(θ)|2 = 1
2pi
. (5)
Using the definition of the tortoise coordinate r? in the
Kerr-Newman spacetime, namely,
r? ≡
∫
dr
(
r2 + a2
∆
)
, (6)
the differential equation obeyed by the radial function Uωlm
can be rewritten as(
d2
dr2?
+ Vωlm
)
Uωlm(r?) = 0, (7)
with Vωlm given by
Vωlm(r) =
(
ω −m a
r2 + a2
)2
+
[
2Mr − 2r2 −∆ + 3r
2
r2 + a2
∆
]
∆
(r2 + a2)
3
− (a2ω2 + λlm − 2maω) ∆
(r2 + a2)
2 . (8)
In FIG. 1 we plot the function −M2Vωlm for different
values of the BH charge-to-mass ratio, q ≡ Q/M , (right
panel) and rotation parameter (left panel), fixing ω = 0.1 and
l = m = 1, in both cases. We note that the larger the BH
rotation and charge are, the larger is −M2Vωlm. Moreover,
−M2Vωlm presents a maximum and then goes to −M2ω2 at
infinity.
The radial equation (7) has a set of independent solutions
usually labelled as in, up, out and down. The in modes are the
appropriate ones to study absorption and scattering processes,
since they denote purely incoming waves from the past null
infinity. These modes have the following asymptotic behavior
Uωlm(r?) ∼
{ IωlmUI +RωlmU∗I (r?/M → +∞),
TωlmUT (r?/M → −∞), (9)
in which
UT = e
−i(ω−mΩH)r?
N∑
j=0
gj(r − r+)j , (10)
UI = e
−iωr?
N∑
j=0
hj
rj
, (11)
and ΩH ≡ ar2++a2 is the event horizon angular velocity. The
symbol ∗ denotes complex conjugation. gj and hj are con-
stants, which can be found by assuming that Eq. (9) obeys Eq.
(7) in the asymptotic limits. The coefficients Rωlm and Tωlm
are related to the reflection and transmission coefficients, re-
spectively, and obey the equation∣∣∣∣RωlmIωlm
∣∣∣∣2 = 1− ω −mΩHω
∣∣∣∣TωlmIωlm
∣∣∣∣2 . (12)
From this relation one can see that for 0 < ω < mΩH,
|Rωlm|2 > |Iωlm|2. This enhancement in the amplitude of
the reflected wave is known as superradiance [31].
III. ABSORPTION CROSS SECTION
The absorption cross section can be well described by an-
alytical approximate results in the low- and high-frequency
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FIG. 1. LEFT: We plot −M2Vωlm as function of r for a fixed value of the BH angular momentum, a = 0.8M , and different values of BH
charge-to-mass ratio, q ≡ Q/M . RIGHT: The function −M2Vωlm is plotted for q = 0.3 and different values of a. For both cases we choose
Mω = 0.1 and l = m = 1.
regimes. In the low-frequency regime, it has been shown that
the absorption cross section of massless scalar waves for sta-
tionary BHs, such as a Kerr-Newman BH, is given by the area
of the event horizon [29]. In the high-frequency limit, the
absorption cross section tends to the capture cross section of
null geodesics. These limiting results are important to check
the accuracy of the numerical results, which are exhibited in
Sec. IV. We will show that our numerical results, both in the
low- and high-frequency regimes, are in agreement with the
analytical limits.
We can obtain an expression for the absorption cross sec-
tion through the partial-wave approach, so that the total ab-
sorption cross section of massless scalar waves impinging
upon a Kerr-Newman BH with an incidence angle γ, is
σ =
∞∑
l=0
l∑
m=−l
4pi2
ω2
|Sωlm(γ)|2
(
1−
∣∣∣∣RωlmIωlm
∣∣∣∣2
)
. (13)
According to the value assumed by the azimuthal num-
berm, we can distinguish the modes between corotating (m >
0) and counterrotating (m ≤ 0) with the BH.1 Hence, the total
absorption cross section can be seen as a sum of the corotating
and the counterrotating contributions allowing to split the ab-
sorption cross section into non-superradiant modes (σcounter)
and superradiant modes (σco) superradiant modes (σco) and
non-superradiant modes (σcounter), respectively [32].
A. Capture cross section
In the high-frequency regime the absorption cross section
approaches the capture cross section of null geodesics, which
1 Note that the m = 0 mode has been included among the counterrotating
modes.
is given by
σgeo =
1
2
∫ pi
−pi
b2c(χ, γ)dχ, (14)
where χ is an angle defined in the plane of the impinging
wave. When bc is constant we recover σgeo = pib2c , which is
the high-frequency absorption cross section for static geome-
tries. In Ref. [18] an approach for the computation of the cap-
ture cross section was presented, considering null geodesics
impinging upon a Kerr BH. We can adopt the same treatment
for Kerr-Newman BHs, obtaining basically the same formulae
presented in Subsec. III.B.1 of Ref. [18].
For an impact vector with components
~b = (b cos γ cosχ, b sinχ,−b sin γ sinχ) , (15)
we find, for the radial part of the geodesic equation,
R(r) = [(r2 + a2)− aLz]2 −∆[(Lz − a)2 +K], (16)
with
Lz = LzE−1 = b sinχ sin γ, (17)
and
K = KE−2 = b2(cos2 χ+ sin2 χ cos2 γ)− a2 cos2 γ, (18)
where K is the Carter’s constant. In order to find the criti-
cal radius and the critical impact parameter we have to solve
R(rc) = 0 and R′(rc) = 0.
The capture cross section is exhibited in FIG. 2 as a func-
tion of the null geodesic angle of incidence. We consider dif-
ferent values for the BH rotation parameter (right panel) and
electric charge (left panel), showing that the capture cross sec-
tion diminishes as we increase the values of the Kerr-Newman
BH spin and charge-to-mass ratio. For the static case (a = 0)
the capture cross section is independent of the incidence an-
gle, but for a > 0 the capture cross section increases as
we increase γ, reaching its maximum value at the equatorial
plane (γ = 90 deg).
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FIG. 2. LEFT: The capture cross section for a fixed value of the rotation parameter (a = 0.9M ) and different values of the charge-to-mass
ratio (q = 0, 0.1, 0.2, and 0.3). RIGHT: The capture cross section for a fixed value of the BH charge (q = 0.3) and different values of the BH
rotation (a/M = 0, 0.3, 0.6, and 0.9).
IV. RESULTS
Along this section, we exhibit an assortment of our numer-
ical results for the massless scalar absorption cross section of
Kerr-Newman BHs. In order to obtain our results, we numeri-
cally solve Eq. (7) submitted to the boundary conditions given
in Eq. (9). Knowing the radial equation solutions we are able
to find the reflection and the transmission coefficients by com-
paring the numerical solutions with the analytical ones given
in Eq. (9) at r = r∞, where r∞ represents the numerical in-
finity.
In FIG. 3 we show the total absorption cross section in the
on-axis case (γ = 0) for a fixed rotation parameter (left panel)
and for a fixed BH charge (right panel). In the on-axis case
we note that the absorption cross section presents a similar
behavior to the static BH case, i.e., the total absorption cross
section starts from a value given by its event horizon area and
then oscillates with a decreasing amplitude around its high
frequency-limit, which is represented by horizontal lines, ap-
proaching this value for larger values of ω. Furthermore, we
can see that the larger is the BH charge and the faster is its
spin, the smaller is the total absorption cross section. This
behavior is also observed for the capture cross section of null
geodesics (see FIG. 2).
For off-axis incident waves the oscillating pattern of the
absorption cross section is less regular than that of the on-
axis case. In order to illustrate this, in FIG. 4 we con-
sider incidences along the equatorial plane γ = 90 deg.
In the left panel of FIG. 4, we choose Kerr-Newmann BHs
with a fixed rotation parameter, a = 0.8M , and with dif-
ferent charge-to-mass ratios q = 0.1, 0.3 and 0.5. We also
consider rotating and charged BHs with the same electric
charge q = 0.3 (right panel) and different rotation parame-
ters a/M = 0.3, 0.6 and 0.9. As a general behavior, we can
observe, in both left and right panels of FIG. 4, a less regular
pattern of the absorption cross section, contrasting with the
case of on-axis incidence. As we increase the charge-to-mass
ratio, the absorption cross section decreases, but maintains its
essential shape. On the other hand, as we increase the rotation,
the absorption cross section becomes less regular.
In FIG. 5 we show results for the corotating and counter-
rotating contributions to the total absorption cross section.
By examining the corotating and counterrotating modes sepa-
rately, it is possible to identify a more regular behavior. Also,
we see that the contributions of the counterrotating modes to
the total absorption cross section are larger than the corotating
ones. The corotating modes are more absorbed as either the
BH charge or rotation parameter decreases. The counterrotat-
ing modes are more absorbed as the BH charge decreases and
the behavior for different rotations depends on the frequency
regime. In the low-frequency limit the absorption cross sec-
tion for counterrotating waves decreases as we increase the
rotation parameter. In this limit the absorption cross section
is dominated by the waves with m = 0 and goes to the area
of the black hole as ω → 0. In the high-frequency regime,
σcounter increases as a increases.
In FIG. 6 we present the partial absorption cross sections
for the dipole mode (l = 1). As the BH charge increases,
both the corotating (m = 1) and counterrotating (m = −1)
partial cross sections decrease (left panel). On the other hand,
as the rotation parameter increases the associated values of the
corotating partial absorption cross section decrease, while the
counterrotating ones increase (right panel).
In the Kerr-Newman spacetime, due to superradiance, re-
flected waves can be amplified, what results in a negative par-
tial absorption cross section. We show the partial absorption
cross sections, in FIG. 7, for the mode l = m = 1, considering
incidence along the equatorial plane, case for which superra-
diance is more evident. For a fixed rotation parameter (left
panel), the larger the BH charge is, the smaller is superradi-
ance. On the other hand, as the rotation parameter increases,
superradiance increases (right panel).
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FIG. 3. LEFT: The total absorption cross section for a fixed BH rotation, a = 0.9M , with q = 0, 0.1, 0.2, and 0.3. RIGHT: The total
absorption cross section for a BH charge q = 0.3 and different rotation parameters a/M = 0, 0.3, 0.6, and 0.9. Both left and right panels
were obtained for on-axis incidences (γ = 0), and the horizontal lines are the capture cross sections of null geodesics in each case.
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V. FINAL REMARKS
We have obtained numerically the absorption spectrum of
planar massless scalar waves for a Kerr-Newman BH, con-
sidering different values for the BH rotation parameter and
electric charge. We have confirmed with our numerical re-
sults that in the low-frequency regime the absorption cross
section tends to the area of the BH horizon, while in the high-
frequency regime it approaches the capture cross section of
null geodesics.
We have shown that the absorption cross section presents
a regular oscillatory behavior around its high-frequency limit
when the waves impinge along the rotation axis (γ = 0). This
oscillatory behavior comes from the contributions of waves
with different angular momentum, l. As either the charge or
the rotation parameter increases, the absorption cross section
decreases, what is consistent with the fact that when we in-
crease these parameters both the area and critical impact pa-
rameter of the black hole decrease.
For off-axis incidences (γ 6= 0) we have observed that the
absorption cross section behaves with less regular oscillations
around the geometric capture cross section, what is a con-
sequence of the different contributions given by the co- and
counterrotating modes. We have also noted that, for off-axis
incidences, the oscillatory pattern becomes more irregular for
larger values of the BH rotation parameter.
When we consider the corotating and counterrotating con-
tributions to the absorption cross section separately, we iden-
tify a more regular absorption profile, and we observe that
the counterrotating modes are more absorbed than the coro-
tating ones. Moreover, we have obtained that the larger the
BH charge and rotation parameter are, the less absorbed are
7the corotating waves. For the counterrotating case we have
obtained that the waves are more absorbed as the BH charge
decreases, and as we increase the rotation parameter we have
different behaviors for different frequency regimes. This hap-
pens because in the low-frequency limit the field is dominated
by the modes with m = 0, tending to the area of the BH hori-
zon, which decreases as we increase the BH rotation. As we
reach higher values of the frequency the absorption cross sec-
tion increases for bigger values of the BH rotation parameter.
For the case of superradiant scattering we found that su-
perradiance is larger the faster the BH spins and the smaller
is the BH charge. As for the Kerr case, superradiance yields
a negative partial absorption cross section, although the total
absorption cross section remains positive.
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